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ABSTRACT. – In this article, we investigate (up to Q) the values of the standard L-
function LMm(K)(s,Ψ ) of the algebra Mm(K) over a CM-field K attached to a certain
Hecke character 9 of K (defined through a Hecke character ψ of the maximal totally
real subfield F of K) at s = (k+ 2n)/η(k); where m6 k ∈ Z is fixed and depends on the
character ψ, ∀n ∈ Z+. Ó 2000 Éditions scientifiques et médicales Elsevier SAS
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We investigate special values of the standard L-function of a matrix
algebra Mm(K) over a CM-field K , and obtain a formula (Theorem 3.1),
which generalizes a well-known result for Hecke L-functions (Corolla-
ry 3.3). However, we should point out that, our results are preliminary at
best, since compared to automorphic L-functions, L-function of a matrix
algebra is a relatively mild generalization of a classical HeckeL-function.
1. Arithmetic automorphic forms
We will be faithful to the notation of [6] and [8]. In particular, let F
be a totally real number field and K a CM-field with maximal totally
real subfield F . For simplicity, let k denote F or K . Let a denote the set
(*) This work had been carried out and completed during our stay at the Independent
University of Moscow (IUM) in 1997. We heartily thank Professor Mikhail Finkelberg
for arranging our stay at IUM. We gratefully acknowledge the support of the Scientific
and Technical Research Council of Turkey (TÜB˙ITAK) during our stay in Moscow.
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{ν :F ↪→R} of archimedean primes of F , if k= F ; or a fixed CM-type of
K , if k=K . Consider the group G˜= {g ∈ GL2m(k): g∗Jmg = Jm} where
Jm =
 0 −1m
1m 0,
 , g∗ = t gγ
with Gal(k/F)= 〈γ 〉; and put G= G˜ ∩ SL2m(k). Let P˜ be the parabolic
subgroup of G˜ corresponding to the partition (m,m) of 2m, Q˜ the
Levi component and R˜ the unipotent radical of P˜ . Likewise, define the
subgroups P, Q and R of G. For the group G, we consider the Lie group
L=GLm(C)[k : F ] and take a rational representation
ρ :La =
#(a) copies︷ ︸︸ ︷
L× · · · ×L→GL(V ),
where V is a finite-dimensional C-space. Fix a Q-rational structure of V
(let V (Q) denote the set of all Q-rational elements of V ) such that ρ is a
Q-rational representation with respect to the standardQ-rational structure
of La. Then we set (following [8]):
Λρ(α,Z)=
 ρ((µν(α,Z))ν∈a), if k= F,ρ((κν(α,Z),µν(α,Z))ν∈a), if k=K,(1a)
for α ∈GA (the adelization of G à lá Shimura) and
Z ∈H am =
#(a) copies︷ ︸︸ ︷
Hm× · · · ×Hm,
whereHm denotes the symmetric space Hm =H(ν)m = {x+ iy ∈ Sν⊗RC |
x, y ∈ Sν, y > 0} (ν ∈ a) with S = {m ∈Mm(k) | m∗ = m}. Recall that,
for g ∈Gν and Z ∈H(ν)m (ν ∈ a), the equation
g
(
Z∗ Z
1m 1m
)
=
(
ag bg
cg dg
)(
Z∗ Z
1m 1m
)
=
(
g(Z)∗ g(Z)
1m 1m
)(
κν(g,Z) 0
0 µν(g,Z)
)
(1b)
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defines the action of the archimedean groups Gν on H(ν)m and the
GLm(C)-valued holomorphic factors of automorphy
κν,µν :Gν ×H(ν)m →GLm(C).
Then define for α ∈ G, the α-transform f ‖ρα :H am→ V of a function
f :H am→ V as usual by (f ‖ρα)(Z)=Λρ(α,Z)−1f (α(Z)) for Z ∈H am.
Let Uρ(Γ ) denote the space of all meromorphic functions f : H am→ V
which satisfy (f ‖ρα)(Z) = f (Z), ∀Z ∈ H am and ∀α ∈ Γ (here Γ is a
congruence subgroup ofG) and which are meromorphic at all cusps when
G
∼→ SL2(Q). Put Uρ = ⋃Γ Uρ(Γ ), where Γ runs over all congruence
subgroups of G.
Let A be a finite-dimensional commutative semi-simple algebra
over Q. Let A = ⊕16i6t Ci where Ci is a number field. The set
Hom(A,C) of algebra homomorphisms will be denoted by JA; and we
will denote the Z-module Z[JA] generated by the set JA by IA. Then there
exists an embedding IA ↪→ (A×)∨ of IA into the character group (A×)∨
of A×. Now assume that A =⊕16i6t ki where ki is a CM-field such
that ki k k and dimk(A)= 2m. Let pA : IA× IA→C×/Q× be Shimura’s
period symbol ([8] and [10]). Consider the automorphism p :A→ A
making the square
A
p
A
ki
inc.
complex conj.
ki
inc.(1c)
commutative for every 1 6 i 6 t , which will be called as the “com-
plex conjugation of A”. Let δ :A→ A be a positive involution of A
and h :A→ M2m(k) be an injective k-linear homomorphism such that
h(xδ)= Jmh(x)∗J−1m , ∀x ∈A. Then, for
A[δ] = {a ∈A | a.aδ = 1},
the image h(A[δ]) ⊂ G and there exists a unique w ∈ H am such that
g(w) = w, ∀g ∈ h(A[δ]); which is called a CM-point of G on H am.
Let (H am)CM denote the set of all CM-points of G on H am. In particular,
for any injective homomorphism h :A→ M2m(k) such that h(p(x)) =
Jmh(x)
∗J−1m , ∀x ∈ A; let w ∈ (H am)CM be the fixed point of the action
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of h(A[p]) on H am. Then, there corresponds a Q-rational representation
A[p] → GL(V ) defined by a 7→ Λρ(h(a),w) for a ∈ A[p]. Fixing
a basis of V over C, assume that V ∼→ Cd and V (Q) ∼→ Qd . Then,
there exists U ∈ GLn(Q) and σ1, . . . , σd ∈ IA such that Λρ(h(a),w) =
U diag[aσ1 , . . . , aσd ]U−1 for every a ∈A[p]. Choose a CM-type∞ of A
which is defined by ∞=∞1 + · · · +∞t where ∞i is a CM-type of ki
for 16 i 6 t satisfying
∏
16i6t
a∞i =

∏
ν∈a
det[µν(h(a),w)], k= F,∏
ν∈a
det[κν(h(a),w)]det[µν(h(a),w)], k=K.
(1d)
Then, letting
Qρ(w)=Udiag[pA(σ1,∞), . . . , pA(σd,∞)]U−1 ∈GLd(C),
we call f ∈ Uρ(Γ ) (where Γ is a congruence subgroup of G) arithmetic,
if Qρ(w)−1f (w) ∈Qd for every w ∈ (H am)CM where f is holomorphic.
The space of all arithmetic elements f ∈ Uρ(Γ ) is denoted by Uρ(Γ,Q)
and we put Uρ(Q) = ⋃Γ Uρ(Γ,Q) where Γ runs over all congruence
subgroups of G.
2. Linear equivalence of Eisenstein series
We will consider the following special Langlands type Eisenstein
series attached to G, defined with respect to the data (k, c, χ) consisting
of an integral weight k ∈ Za, an integral ideal c in F and a Hecke
character χ :F×A → T = {z ∈ C: |z| = 1} defined modulo c satisfying
the condition
χa(x)=
∏
ν∈a
(
xν
|xν |
)kν
, ∀x ∈ F×A(2a)
which has the form:
E
(
Z, s;k,χ,Dn[OF , c])
= ∑
ζ∈ZOF
N
(
ilOF (ζ )
)2s ∑
α∈Sζ
χ[α] δ(Z)su− k2 Jk,2su−k(α,Z)−1,(2b)
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where Z ∈ H am, s ∈ C, ZOF a system of representatives of the double-
coset space
P \(G∩ PAD[OF, c])/Γ [OF , c];
and for ζ ∈ZOF ,
Sζ = (ζΓ [OF , c]ζ−1 ∩ P )\ζΓ [OF , c].
Here D[OF , c] denotes the “level c” open subgroup of the maximal
compact subgroup
D[OF,OF ] =
∏
ν∈h
(
Gν ∩GL2m(Okν )
)×∏
ν∈a
{
g ∈Gν | g(i)= i}1
(where i= (i1m, . . . , i1m) ∈H am) of GA, which is defined by
D[OF, c] =
∏
ν∈a∪h
Dν[OF , c],
where
Dν[OF , c] =
 {g ∈Gν ∩GL2m(Okν ) | cg ∈ cνMm(Okν )}, ν ∈ h,{g ∈Gν | g(i)= i}, ν ∈ a;(2c)
the ideal ilOF (ζ ) in F is defined by ilOF (ζ )= det(dpi )OF ∈ I (F ) where
ζ = piδ for some pi ∈ PA and δ ∈Do[OF ,OF ]; and if α ∈ Sζ for ζ ∈ZOF ,
we put
χ[α] =
 χa(det(dα))χ
∗(det(dα)il(ζ )−1), c 6=OF ,
χ∗(il(ζ )−1), c=OF ,
(2d)
1 We remark that, by class field theory, a prime ideal p in F splits completely in
the extension k/F if and only if p ∈ ker(Ak/F ), where Ak/F : Id(k/F )(F)→ Gal(k/F)
denotes the Artin reciprocity map (d(k/F): the discriminant of the extension k/F ).
Thus, for ν ∈ h, kν ∼→ F [k : F ]ν (as an Fν -algebra) if and only if ν ∈ ker(Ak/F ). So,
for the case k = K ; if ν ∈ ker(AK/F ), there is an Fν -rational isomorphism Gν ∼→
{x = (x1, x2) ∈ SL2m(Fν)2 | x1Jmx∗2 = Jm} and if ν /∈ ker(AK/F ), then there is an Fν -
rational isomorphism Gν
∼→ SU(m,Kω), where ω is a prime in K such that ω | ν and
Kω corresponds to a quadratic extension of Fν .
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χ∗ : I (F )→ T being the ideal character corresponding to the Hecke
character χ :F×A → T. By Langlands’ theory of Eisenstein series ([1] and
[4]), the series E(Z, s) converges for Re(s) 0 and has a meromorphic
continuation to the whole complex plane as a function in s. The following
proposition is easy to prove using the results in [8].
PROPOSITION 2.1. – Assume that the integral weight k ∈ Za satisfies
kν = κ ∈ Z (∀ν ∈ a) such that
κ >

m+1
2 , if k= F,
m, if k=K,
and if κ = (m+ 2)/2 in the case k = F , we further suppose F 6= Q or
χ2 6= 1. Then, for ω ∈ (H am)CM and f ∈ Uκ(Q) such that f (ω) 6= 0,
(1◦) E(Z, s;k,χ,Dm[OF , c]) is finite at s = κ/2;
(2◦) f (ω)−1E(ω,κ/2;k,χ,Dm[OF , c]) ∈Q.
In [2] and [3], we essentially studied the vector space L spanned by
the G-transforms of the Langlands type Eisenstein series E(Z, s;k,ψ,
Dm[OF , c]) attached to the group G, and proved that there exists a data
{k,∆,λ} where k ∈ Za is an integral weight; ∆ a subgroup of GLm(k)
satisfying the condition d(P ∩ βΓβ−1)⊂∆⊂ ker(ω) where Γ ⊂ G˜ is a
congruence subgroup, {β} is a system of representatives of P˜ \G˜/Γ and
ω : GLm(k)→ C× is a certain homomorphism (“determinant”); λ :W →
C is a locally constant function such that λ(∆wγ ) = λ(w) for every
γ ∈ Γ and w ∈W ; defining a series
E(Z, s;k, λ)= ∑
x∈∆\W
δ(Z)su−
k
2λ(x)j [x,Z]−k ∣∣j [x,Z]∣∣−2su+k,(2e)
where Z ∈H am and s ∈C which spans the space L.
More precisely, choose an integral ideal c in F such that
if ω ∈Uk with ω≡ 1(mod ik/F (c)), then ω ∈ F .(2f)
Furthermore, suppose that 2 /∈ c. Such an integral ideal c in F clearly
exists. Let ψ :F×A →T be a Hecke character defined modulo the integral
ideal c in F satisfying the condition (2a) for some k ∈ Za. Then, there
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exists a Hecke character Ψ : k×A → T defined modulo ik/F (c) = cOk and
with the property
Ψa(x)=
∏
ν∈a
(
xν
|xν |
)kν
, ∀x ∈ k×A(2g)
such that, the square
Iik/F (c)(k)
Ψ ∗ T
Ic(F )
ik/F
ψ∗
T
id(2h)
is commutative. The linear equivalence relation of Eisenstein series
proved in [3] is now stated as follows:
THEOREM 2.2. – Put
Clik/F (c)(k)=
⊔
16i6h
[ai] and Xi ∈ Ir(O)
(the set of integral right ideals ofO =Mm(Ok)) such that,NMm(k)/k(Xi)=
ai for 16 i 6 h. Then:
LMm(k)
( 2s
η(k)
,Ψ
)
E
(
Z, s;k,ψ,Dm[OF , c])
= ∑
16i6h
Ψ ∗(ai )N(ai )
2s
η(k)E(Z, s;k, λΨ,Xi ),
where the standard L-function of Mm(k) is defined as usual by:
LMm(k)(s,Ψ )=
∑
[a]∈Cl(k)
∑
Y∈I`(O)
Y∼a
Ψ ∗(det(Y ))
N(det(Y ))s
which converges for Re(s) > 1 and does not depend on the choice of the
maximal Ok-order O in Mm(k).
Now assume that k=K and k ∈ Za satisfies kν = κ for every ν ∈ a for
some κ ∈ Z. Then
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PROPOSITION 2.3. – ∃ω ∈ (H am)CM such that for m6 κ :
E
(
ω,
κ
2
;k, λ
)
∼Q pit(κ)P(κ)f (ω),
where f ∈ Uκ(Q) such that f (ω) 6= 0; t (κ)= [F :Q](mκ − (m−1)m2 ) andP(κ)= pK(∑ν∈a ν,∑ν∈a ν)mκ .
3. Standard L-functions of Mm(K)
Using the results of Section 2, we can describe the values of the
standard L-function LMm(K)(s,Ψ ) of Mm(K) attached to the Hecke
character Ψ :K×A → T (defined above) at certain rational points on the
real line, using values of arithmetic automorphic forms at CM-points and
period symbol, up to Q×. More precisely, we have
THEOREM 3.1. – Let c be an integral ideal of F satisfying the
condition (2f) and assume that 2 /∈ c. Let ψ :F×A → T be a Hecke
character defined modulo c where the archimedean component satisfies
(2a) and let Ψ :K×A →T denote the Hecke character ofK defined modulo
iK/F (c) satisfying (2g) and making the square (2h) commutative. Then,
for m6 k:
LMm(K)
(
k
2
,Ψ
)
∼Q pit(k)P(k)
[ ∑
16i6h
Ψ ∗(ai )N(ai )
k
2
]
,
where t (k) = [F :Q](mk − (m−1)m2 ) and P(k) = pK(
∑
ν∈a ν,
∑
ν∈a ν)mk
as in Proposition 2.3, and CliK/F (c)(K)=
⊔
16i6h[ai] as in Theorem 2.2.
Thus as an immediate consequence of Theorem 3.1, we obtain
COROLLARY 3.2. – Under the notation of Theorem 3.1, for every
n ∈ Z such that m6 k+ 2n:
LMm(K)
(
k+ 2n
2
,Ψ
)
∼Q pit(k+2n)P(k + 2n)
[ ∑
16i6h
Ψ ∗(ai )N(ai )
k+2n
2
]
.
Furthermore, specializing to the case m = 1, the standard L-function
LMm(K)(s,Ψ ) reduces to the Hecke L-function LK(s,Ψ ) of K attached
to the character Ψ :K×A → T, and obtain the following well-known result:
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COROLLARY 3.3. – Under the notation of Theorem 3.1, for every
n ∈ Z such that 16 k + 2n:
LK
(
k + 2n
2
,Ψ
)
∼Q pi [F :Q](k+2n)pK
(∑
ν∈a
ν,
∑
ν∈a
ν
)(k+2n)
×
[ ∑
16i6h
Ψ ∗(ai )N(ai )
k+2n
2
]
.
In particular, if the Hecke character ψ :F×A → T defined modulo c
satisfies
ψa(x)=
∏
ν∈a
(
xν
|xν |
)2
= 1
for every x ∈ F×A (i.e. k = 2), then
LK(1+ n,Ψ )∼Q pi [K :Q](1+n)pK
(∑
ν∈a
ν,
∑
ν∈a
ν
)2(1+n)
×
[ ∑
16i6h
Ψ ∗(ai)N(ai )1+n
]
.
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